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Abstract: 

Digital images as jpeg files are readily available through digital cameras, scanners and the Internet.  Cabri Geometry II Plus can import images as the background over which constructions can be made.  These may be from `pure geometry’, such as finding the centre and arc of a circle which approximates a bridge’s arch, or from `transformation geometry’, such as investigating rotational symmetries found in automobile wheels, or from `analytic geometry’, such as graphing a quadratic function to fit a water spout from a fountain, or from `trigonometry’, such as investigating gradients of playground slides, or from `perspective geometry’, such as drawing accurate images of virtual objects over photographs.  There are also free software packages which enable us to digitise data from video clips of moving objects, such as a ball in flight, and which can create still image files for importing into Cabri.  A library of suitable digital images can provide motivating problems to engage students with learning and applying geometric techniques.  Examples will taken from recent UK work including the Royal Society report on Teaching and Learning Geometry 11-19,  the QCA project on using ICT as a bridge between algebra and geometry and new materials developed by the Mathematical Association.   

First we observe that a major change in Cabri Geometry II Plus is the ability to import an image file using a right mouse click on either blank space, a point or a segment – see [1] for a full treatment.  In the left-hand image below a vertical segment AB has been created, with a point C on it, and a line through C perpendicular to AB.  A segment has been created by points DE on this line.  A right-click on the segment DE offers the choice to import an image from a file – in this case a JPEG file (leaves2.jpg).  C, D and E can be adjusted so that the image is the desired size and in the desired position.  Then A,B,C,D,E and the segment AB and the line CDE can be hidden.  Here the image is of two leaves which I collected in the park of the Villa Borghesi.  In order to estimate their areas we can make polygonal approximations to both of them and get Cabri to compute each of their areas  

[image: image2.jpg]¥, Cabri Geometry Il Plus - [leaves2.fig] ==
Fie Edt_Options _Sesson_Vindon_reb e

x &

&l [m]





[image: image3.jpg]


  

Of course we must take care about the units!  Measuring the width of the smaller leaf in Cabri’s units gives 3.05 cm, while the actual leaf has a width of 8.5 cm. I leave it to you to perform the conversion.

The main thesis of my presentation is that a source of digital images allows the teacher to set up a variety of realistic situations in the mathematics classroom (and/or outside it) which students can explore using the functionality of a powerful mathematics tool such as Cabri Geometry II Plus.  Of course, once students have seen the ideas in action, they, too may become the source of more digital images and situations – thus engaging them in relating school mathematics to their own environment and interests.  Images can come from a digital camera, or frames from a digital video, or pictures scanned with a scanner, or just found on the Internet (e.g. by using the Image search of Google).
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In the next example, part of a photograph of an arch of the cloisters of the University of Rome’s faculty of engineering is used to pose the question: “Are such arches usually arcs of circles?” – which leads to discussion of how to locate a suitable point as centre.  The image shows a first attempt using a chord AB as the diameter, which does not give a good fit.  A better fit uses the perpendicular bisector of two chords AC, CB found by taking any three points on the arch – i.e. the circumcentre of the triangle ABC.  This can lead into a discussion of how such an arch might have been built – perhaps using a circular wooden structure to support the stones as the bridge is being built. 
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The next figure shows some bridges over the river Cam in Cambridge, England.  Here we have modelled the foreground bridge using a quadratic function and a parameter k which we can easily adjust.  However if we find the coordinates of a point like P on the bridge span, then we can use some analysis to find a suitable value for k.  
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In the next example a photograph of the wheel of a car is used  to test the hypothesis that it has rotational symmetry of order 5 as a simple exercise in transformation geometry and symmetry.  Many items, such as car wheels, drain-hole covers, church windows etc. show such patterns of rotational symmetry.

All these artefacts so far are man made, and so follow man’s laws of design.  A nice natural source of physical laws is provided by a water jet, such as from a garden hose-pipe, or from a fountain.

The next example shows a water spout from a fountain in the public square in Tivoli above the Villa d’Este.  The height HF of the man alongside the fountain has been used to give an approximate scale for the axes which are chosen so that origin O (0,0) is the source of the front left hand spout,  which also passes through S (s,0).  Thus algebra can be used to model the dynamic situation.  If it is a quadratic function it must have the form y = kx(s-x) .  We can vary the parameter k to give a good fit, and taking a suitable value for g we can calculate the initial velocity and angle with which the water leaves the spout. 
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Now we return to some more man made objects.  

The next example is a photograph of a playground slide.  Here we can relate measurements of the sides of the triangle to the tangent of the slope angle, and to the equation of a linear function.  So we can use the same ideas but this time to support aspects of trigonometry as well as starting points in coordinate geometry.

Of course special care has been taken with the photographs above to ensure that there is as little distortion as possible.  But we can also exploit the perspective representation from the camera to raise questions about how perspective works.  
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The next example shows a view of the large feature in London’s skyline, known as the `London Eye’.  It is taken obliquely.  We can place points on 5 of the capsules and see that the ellipse they define is a good fit to the image.  We can also see that the ellipse does not have the centre of the wheel as its centre, and also that its axes are not along the coordinate axes displayed.  Why??

Knowing about parallel lines meeting in vanishing points allows us to emulate the work of civil engineers, architects and designers in creating artistic, and accurate, impressions of how a new construction will fit in the environment – in this case a tower `built’ on the seaside pier at Bognor Regis in Sussex.

These facilities in ICT could well impact on the choice of mathematical content in future curricula.  
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Perspective geometry was removed from the UK curriculum many years ago, but could now be reborn!
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We now return to the laws of nature to see how a video image of a moving object can also be turned into a picture to import to Cabri.  The next example shows a screen shot of a free throw at basketball captured from the Vidshell software of Doyle V. Davis which uses an avi video clip from the David project at Münich University.  The blue data points were added by hand in Vidshell.  Cabri axes have been chosen to align with Vidshell axes, and the unit point U adjusted so that the point B on the basket is at the correct height (3.05m) for a simple scale of 1cm to 1m.  A quadratic curve has been fitted to the data in red, and its derivative shown in blue.  This enables us to find the tangent to the trajectory at the point P of projection.  Once again we can now estimate the speed and angle of projection, as well as the value of g! 
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The analytic features of geometry software such as Cabri Geometry II Plus allow a wide range of models to be explored.  For example we can consider the closeness of a quadratic approximation to a catenary by looking at a photograph of a chain.

Experience with both teachers and students in the UK has shown that these approaches, which span the 11-19 age range, do have a motivating effect and can be used to provide realistic contexts for studying a large proportion of the current mathematics curriculum – certainly in geometry, trigonometry and algebra.

In his plenary session at this conference, Jean-Marie Laborde showed another use of digital images, in this case by importing a page from a reprint of Sir Isaac Newton’s Principia Mathematica Book 1.  Here there is a copy of a drawing by Newton done carefully by hand to illustrate a model of the way a planet might orbit a sun under the influence of a centripetal force.  Cabri Geometry II Plus can then be used to make an geometric/analytic model which can be adjusted for comparison with Newton’s techniques and predictions.  Newton’s picture is on the left and my Cabri model is on the right.  It is based on the initial triangle SAB taken from Newton’s drawing and translated by the vector controlled by the `slider’ J.  Another `slider’ M is used to control the `gravitational constant’ Γ.  Vector AB is translated by AB to give BC.  The `calculator’ is used to compute 20Γ/(SB)2 which measurement is then transferred to vector BS to give BV.  The vector sume of BV and BC gives the vector BC.  So C is the next position of the discrete model taking place with equal finite time steps.  The triangle SBC is drawn.  So now a macro can be defined with two inputs – the translated triangle SAB and the parameter Γ, and one output – the triangle SBC.  We can apply this repeatedly to find the points D, E, F as in Newton’s diagram.  We can also measure the area of each of our 5 triangles and check they `sweep out equal areas in equal times’ as observed by Kepler!
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It is now a simple job to slide J to the left until the points S coincide, and then adjust the slider M until the points A-F agree.  It suggests that Newton’s point D is slightly in error!   
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Applying the macro more times, and adjusting the initial displacement B allows us to check how well the discrete model matches the theoretical model of a central conic with S as focus.  Here points A,B,C,D,E are used to define the ellipse which approximates this conic. 

While not strictly on the theme of digital images, it would be a pity to leave this conference without having taken the opportunity to demonstrate some of the immense power of visulation we will now have through through the marvellous new Cabri 3D software.  Here are just a couple of examples of its use to help visualise some important results on conic sections.  It might be helpful to think of a wonderful Italian speciality, the ice-cream cone!  The cone has vertex V and an axis perpendicular to the ground plane.  A sliding point in the ground plane defines the radius of the circle which is used to define the angle of the cone.  A small scoop of `mint’ ice-cream is dropped into the cone – shown by the small green sphere with centre P.  A larger scoop of `raspberry’ ice-cream is dropped into the cone – shown by the large red sphere with centre Q.  A vertical slice is taken through the cone giving the circles passing through R and S as its intersections with the spheres.  A variable point (a `crank’) F is taken on the upper circle and this defines the tangent plane to the red sphere at F.  Its intersection with the vertical slice is the blue line shown.  F is adjusted until the plane is also approximately the tangent plane to the smaller green sphere at E.  The theorem is that the red ellipse shown with major axis AB, has points E,F as its foci.  The second diagram shows how this appears in the vertical slice through the cone.  Both images can be `spun’ using the right mouse button.
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These ideas are developed in another paper which will be posted on my website.
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